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Abstract
We consider the algebraic K-groups with coe0cients of smooth curves over number 'elds.
We give a proof of the Quillen–Lichtenbaum conjecture at the prime 2 and prove explicit corank
formulas for the algebraic K-groups with divisible coe0cients. At odd primes these formulas
assume the Bloch–Kato conjecture, at the prime 2 the formulas hold nonconjecturally.
c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 19D06
1. Introduction
Let Y be a regular scheme of 'nite type, let ‘ be a prime and let  be a positive
integer. Consider the natural map
K(Y )=‘→ K =et(Y )=‘ (1)
between the mod ‘ algebraic and =etale K-theory spectra. The Quillen–Lichtenbaum
conjecture predicts that (1) is a weak equivalence on some connected covers, for
details see Section 2.1. Hence the map
Y;n :Kn(Y;Z=‘)→ K =etn (Y;Z=‘) (2)
between the algebraic K-groups with 'nite coe0cients and the =etale K-groups is ex-
pected to be an isomorphism for su0ciently large n. We say Y satis'es +etale descent
for ‘ if the Quillen–Lichtenbaum conjecture holds for Y and ‘.
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If Y has 'nite cohomological dimension, and if one assumes for odd ‘ the Bloch–
Kato conjecture, the Quillen–Lichtenbaum conjecture has been proved by Levine [22],
see also Kahn’s paper [19]. If Y has in'nite cohomological dimension, the Quillen–
Lichtenbaum conjecture is proved for real number 'elds in [25]. For real curves a
proof is implicit in Pedrini–Weibel [26], see also Friedlander–Walker [11], and more
generally for real smooth varieties Karoubi–Weibel [20]. We show:
1.1. Theorem. Let X be a smooth curve over a number 9eld. Then the map
K=2(X )→ K =et=2(X )
is a weak equivalence on (1)-connected covers. Hence (2) is an isomorphism for
n¿ 2.
Our proof uses the Atiyah–Hirzebruch spectral sequences computing the algebraic
K-groups with coe0cients and the =etale K-groups respectively, see Section 2.2. For a
smooth curve X over a real number 'eld k, we consider the natural map
lpX : H
p
=et (X;Z=2)→
⊕

Hp=et (X;Z=2); (3)
where  : k → R is an embedding and X is the corresponding real curve, and deduce
=etale descent for X from =etale descent for X. For an overview of the proof of Theorem
1.1 see Section 2.4.
We then consider =etale descent in degree 1. Let X be a smooth, projective, geomet-
rically connected curve over a number 'eld k, and let ‘ be a prime. We work with
‘-divisible coe0cients, i.e. we consider the direct limit of (2) over all . The map X;1
is injective for all ‘. We show that up to a 'nite group the cokernel depends only on
the places where X does not have potentially good reduction:
Let KX = X ×k Kk for an algebraic closure Kk of k. If s is a place, denote by Gs the
corresponding decomposition group. Let S0 be the 'nite set of places where X does not
have potentially good reduction. For an abelian ‘-primary torsion group A, we write
dim A for the corank of the maximal ‘-divisible subgroup of A (cf. [15, p. 318]).
1.2. Theorem. Let X be a smooth projective geometrically connected curve over a
number 9eld k with X (k) = ∅. With divisible coe>cients,
dim coker X;1 =
⊕
s∈S0
dimH 2(Gs; H 1( KX ;Q‘=Z‘(2))):
Assume ‘ is odd, or ‘ = 2 and k is totally imaginary. If X has potentially good
reduction everywhere, then X;1 is an isomorphism.
For examples of curves for which coker X;1 = 0, see Remark 4.3.
In the second part of the paper we consider the K-groups Kn(X;Q‘=Z‘) with divisible
coe0cients, where X is a smooth projective curve over a number 'eld.
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Let kn(X ) = dimKn(X;Q‘=Z‘). There is an exact sequence
0→ Kn(X )⊗Q‘=Z‘ → Kn(X;Q‘=Z‘)→ Kn−1(X )[‘∞]→ 0;
where Kn(X )[‘∞] is the maximal ‘-primary torsion subgroup. In particular, it follows
that provided Kn(X ) and Kn−1(X ) are 'nitely generated abelian groups,
rankZ Kn(X ) = dimKn(X;Q‘=Z‘):
For a curve and n su0ciently large, rankZ Kn(X )=dimKn(X=Z)⊗Q, where Kn(X=Z)⊗
Q denotes the ‘integral part’, and further one expects by Bass’ conjecture that Kn(X )
is a 'nitely generated group, see Remark 5.14. The conjectures of Beilinson [1] and
Bloch [2] predict that the dimensions of these ‘integral parts’ are related to special
values of L-functions associated to X . Hence kn(X ) contains information about the
predicted rank of the integral algebraic K-groups.
Note that k0(X ) is 'nite by the Mordell–Weil Theorem. In higher degrees the groups
Kn(X;Q‘=Z‘) have been studied for n=1 by Bloch [3] and Raskind [29], and for n=2
and examples of elliptic curves by Soul=e [35].
Let S be a 'nite set of places of k containing all primes above ‘ and ∞, and
all places where X has bad reduction. Let GS be the Galois group of the maximal
S-rami'ed extension of k. De'ne
hi;p(S; n) := dimHi(GS; Hp( KX ;Q‘=Z‘(n))):
Let r1 (resp. r2) be the number of real (resp. pairs of complex) embeddings of k.
1.3. Theorem. Let X be a smooth projective curve over a number 9eld k of genus g.
Let ‘ be a prime. If ‘ is odd, assume the Bloch–Kato conjecture. Then
(i) k2n−1(X ) =
{
2r1 + 2r2 if n¿ 3 is odd;
2r2 if n¿ 2 is even:
(ii) k2n(X ) = g · [k :Q] + h2;1(S; n+ 1) if n¿ 1:
Note that one cannot expect such formulas for k0 and k1; conjecturally k0 can be
arbitrarily large, and k1=∞, see Remark 5.4. A conjecture of Jannsen [15, Conjecture 1]
predicts that h2;1(S; n)=0 for all n¿ 3. This is known for some classes of curves, see
Remark 5.5.
The paper is organized as follows. In Section 2 we collect some preliminaries and
give an overview of the proof of Theorem 1.1. In Section 3 we consider =etale descent
at the prime 2. We 'rst give proofs of =etale descent for the real numbers and for real
curves, and then prove Theorem 1.1. In Section 4 we prove Theorem 1.2. In Section 5
we prove Theorem 1.3 and give applications to the localization sequence in K-theory,
and to the ‘-adic regulator map.
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2. Preliminaries
2.1. +Etale descent
We consider the strong Quillen–Lichtenbaum conjecture in the following formulation,
cf. [23,39,42]: For a scheme Y of 'nite type, let K(Y ) be the (−1)-connected spectrum
associated to the in'nite loop space de'ning Quillen’s algebraic K-theory. If n is
a positive integer, let K=n(Y ) be the associated mod n spectrum of Y obtained by
smashing K(Y ) with the mod n Moore spectrum. For the mod n =etale K-theory spectrum
K =et=n(Y ) of Y we use the de'nition in [17]. The strong Quillen–Lichtenbaum conjecture
predicts that
K=‘(Y )→ K =et=‘(Y )
is a weak equivalence on some connected covers for all primes ‘.
2.2. Spectral sequences
Let Y be a regular scheme of 'nite type over a one-dimensional Noetherian base
scheme or a 'eld. Levine [22, (12.2)] has constructed a strongly convergent Atiyah–
Hirzebruch type spectral sequence (see also [5,10, Theorem 16.2])
Ep;q2 (Y;Z=‘
)M = H
p
M(Y;Z=‘(−q=2))⇒ K−p−q(Y;Z=‘); (4)
which computes the algebraic K-groups with 'nite coe0cients in terms of the motivic
cohomology groups with 'nite coe0cients. Here, by de'nition, Ep;q2 = 0 if q is odd or
positive. There is an analogous spectral sequence [22, 12.10(1),(12.13)]
Ep;q2 (Y;Z=‘
) =et = H
p
=et (Y;Z=‘
(−q=2))⇒ K =et−p−q(Y;Z=‘); (5)
which computes the =etale K-groups in terms of =etale cohomology. This is a right
half-plane spectral sequence, while (4) is concentrated in the fourth quadrant.
There is a natural map between the spectral sequences (4) and (5) which induces
map (2) between algebraic and =etale K-groups, cf. proof of [22, Corollary 13.3]. On
the E2-terms of (4) and (5) this map is induced by the map
clqY :Z
q
Y (∗)=‘ → 6qR!∗"⊗q‘ (6)
in the derived category of complexes of sheaves in the Zariski topology. Here the
left-hand side is complex de'ning the motivic cohomology groups with 'nite coe0-
cients. The right-hand side is the truncation of the total derived image of "⊗q‘ under
!, where ! :Y =et → YZar is the change of topology map and "⊗q‘ is the twisted sheaf of
roots of unity.
Let HbM(Z=‘(n)) denote the Zariski sheaf associated to the motivic cohomology
of Y . Likewise we have Hb=et(Z=‘(n)). If Y is de'ned over a 'eld, the E2-terms
of the spectral sequences (4) and (5) are the abutment of the Bloch–Ogus
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spectral sequences
E˜a;b2 (n)M = H
a(Y;HbM(Z=‘(n)))⇒ Ha+bM (Y;Z=‘(n)); (7)
E˜a;b2 (n) =et = H
a(Y;Hb=et(Z=‘(n)))⇒ Ha+b=et (Y;Z=‘(n)): (8)
The existence of the spectral sequence (7) follows from the 'nite coe0cient version
of [4, Theorem 3.2]. The existence of the corresponding spectral sequence (8) for
=etale cohomology is well known, see [6]. Map (6) induces a natural map between the
Bloch–Ogus spectral sequences (7) and (8) which induces, via (4) and (5), map (2)
between algebraic and =etale K-groups, cf. proof of [22, Corollary 13.3].
2.3. Remark. The Beilinson–Lichtenbaum conjecture predicts that the cycle map (6)
is an isomorphism in the derived category. This would follow from the Bloch–Kato
conjecture, i.e. if for all 'elds F and all q the Galois symbol
KMq (F)=‘
 → Hq=et(F;Z=‘(q))
is an isomorphism, see [38, Theorem 7.4] in characteristic zero, and [13, Theorem 1.1]
in positive characteristic. For ‘ = 2 the Bloch–Kato conjecture has been proved by
Voevodsky [41]. In particular, if one assumes for odd ‘ the Bloch–Kato conjecture,
we have for the motivic Zariski sheaves isomorphisms (cf. [26, (5.3)] and proof of
[22, Corollary 12.6])
H
p
M(Z=‘(n))
∼=→
{
H
p
=et(Z=‘
); p6 n;
0; otherwise:
(9)
These isomorphisms do not hold globally, even for p= n+ 1, see Lemma 2.4 below.
Assume Y is a smooth variety over a 'eld. Since in the Bloch–Ogus spectral se-
quences (7) and (8), E˜p;q2 =0 for p¿q, the E2-terms contributing to H
p
M(Y;Z=‘(−q=2))
are Hs(X;Hp−sM (Z=‘(−q=2))), where s6p− s; likewise for =etale cohomology. If one
assumes the Bloch–Kato conjecture for odd ‘, it follows from isomorphism (9) that
for p6− q=2 all E2-terms of the motivic and =etale Bloch–Ogus spectral sequence are
isomorphic. Therefore, we will refer to the area p6− q=2 in both spectral sequences
(4) and (5) as the stable area, and to the area where p¿− q=2 as the unstable area.
We will need the following:
2.4. Lemma. Let X be a smooth curve over a 9eld. If ‘ is odd, assume the Bloch–
Kato conjecture. Then
(i) Ep;q2 (X;Z=‘)M = H
p
M(X;Z=‘(−q=2)) = 0 for p¿− q=2 + 2.
(ii) Ep;qr (X;Z=‘)M → Ep;qr (X;Z=‘) =et is an isomorphism for p6−q=2; and is injective
for p=−q=2 + 1.
Proof. This follows from a comparison of the =etale and motivic Bloch–Ogus spectral
sequences using isomorphisms (9). For ‘ = 2, this is [26, Lemma 5.4]. Given our
hypothesis, the proof for ‘ odd is the same.
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2.3. ?-Pairing
With mod 2 coe0cients neither the motivic spectral sequence (4) nor the =etale spec-
tral sequence (5) has a multiplicative structure. However, the =etale spectral sequence
(5) is the homotopy spectral sequence of a tower [10, 16.2] and one can construct
pairings, cf. [10, 16.2].
Let S0 denote the sphere spectrum. There is a module action of mod 4 homotopy on
mod 2 homotopy of spectra which is induced by the regular pairing
m2 : S0=4 ∧ S0=2→ S0=2 (10)
of the mod 4 by the mod 2 Moore spectrum [24, p. 273]. A key ingredient in under-
standing the =etale spectral sequence (5) is that the above pairing induces a pairing on
this spectral sequence as follows:
2.6. Proposition. Let Y be a regular scheme of 9nite type over a 9eld. Then for r¿ 2
there is a pairing of spectral sequences
? :Ep;qr (Y;Z=4) =et ⊗ Ep
′ ; q′
r (Y;Z=2) =et → Ep+p
′ ; q+q′
r (Y;Z=2) =et : (11)
On the E2-page, this pairing is induced by the cup-product in +etale cohomology. The
pairing on the E∞-pages is compatible with the module action
K =ets =4(Y )⊗ K =ett =2(Y )→ K =ets+t =2(Y )
induced by pairing (10). The dr-diAerentials satisfy the Leibniz rule
dr;2(?(x ⊗ y)) =?(dr;4(x)⊗ y) +?(x ⊗ dr;2(y));
where dr;n is the dr-diAerential in the mod n +etale spectral sequence, n= 2; 4.
Proof. See [10, 16.2; 22, Section 8]; cf. [9, Proposition 5.4].
In the following we will use the same symbols for classes along natural maps from
the sphere spectrum S0. By a permanent cycle in a spectral sequence we mean a class
that survives to represent a nonzero class at the E∞-page.
2.7. Proposition. Let Y be a regular scheme of 9nite type over a 9eld of characteristic
0. There exists a permanent cycle v41 in E
0;−8
2 (Y;Z=4) =et which induces via pairing (11)
for all integers p; q and all r¿ 2 isomorphisms
Ep;qr (Y;Z=2) =et
∼=→Ep;q−8r (Y;Z=2) =et :
Proof. Let ˜16 ∈ ,8(S0;Z=16) be the class of order 16 whose Bockstein generates the
2-primary part of ,7(S0) ∼= Z=240 [40]. Consider the commutative diagram
,8(S0;Z=16) −−−−−→ H 0=et(Q;Z=16(4))

K =et8 ( KQ;Z=16) −−−−−→ H 0=et( KQ;Z=16(4)):
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Here the upper horizontal map is induced by the unit map and the edge map in (5). The
lower horizontal map is the edge map in the =etale spectral sequence for an algebraic
closure KQ of the rational numbers and is an isomorphism. The left vertical map is
induced by the unit map, and the right vertical map is an isomorphism since (Z=16)×
has exponent 4. Let K denote the complex topological K-theory spectrum. It follows
from [36,37] that there are isomorphisms
K =et8 ( KQ;Z=16)
∼=→K =et8 (C;Z=16)
∼=→ ,8(K;Z=16):
Under the unit map and the composition of the above isomorphisms ˜16 maps to a
generator of ,8(K;Z=16) [28]. Thus the generator of H 0=et(Q;Z=16(4)) comes from
an element in the stable homotopy groups of spheres and is a permanent cycle by
naturality. Its mod 4 reduction maps to a generator in bidegree (0;−8) which represents
the mod 4 permanent cycle v41 in E
0;−8
2 (Q;Z=4) =et. Likewise for the mod 2 reduction.
The Leray spectral sequence of Y → Spec(Q) shows that these classes also de'ne
permanent cycles in E0;−82 (Y;Z=4) =et and E
0;−8
2 (Y;Z=2) =et. Taking cup-product with the
mod 4 permanent cycle v41 gives an isomorphism on the mod 2 =etale cohomology of Y .
Therefore the claim follows from Proposition 2.6.
2.4. Overview of the proof
To prove Theorem 1.1 we proceed as follows:
(i) We 'rst use the pairing ? to give proofs of =etale descent for R, and for smooth
real curves, see Propositions 3.2 and 3.6. Here, we use that the motivic spectral se-
quences for R and smooth real curves are well understood by work of Rognes–Weibel
[30] and Pedrini–Weibel [26].
(ii) If X is a smooth curve over a real number 'eld and ‘ = 2, we study map (3)
using positive =etale cohomology. It follows that (3) is an isomorphism in su0ciently
large degrees, and surjective in most low degrees, see Lemma 3.8. By comparing with
the real curves, this implies Ep;q4 (X;Z=2) =et = 0 for p¿ 6 and the collapse of (5). To
'nish the proof of Theorem 1.1 one has to consider some low bidegrees, this is done
in Proposition 3.10.
3.  Etale descent for curves at the prime 2
3.1. +Etale descent for R
We begin with a short proof of =etale descent for R at the prime 2. It illustrates how
pairing with v41 allows us to move diUerentials in the spectral sequences (4) and (5)
from the stable area where p6− q=2 to the unstable area where p¿− q=2.
3.2. Proposition. The map K=2(R) → K =et=2(R) is a weak equivalence on (−1)-
connected covers.
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Proof. By Remark 2.3, Ep;q2 (R;Z=2)M ∼= Ep;q2 (R;Z=2) =et if 06p6 − q=2, and Ep;q2
(R;Z=2)M=0 otherwise. The motivic mod 2 spectral sequence for R has been computed
by Rognes–Weibel [30, Theorem 5.3]. The proof shows that in the motivic spectral
sequence Ep;q4 = 0 for p¿ 4. Since H
∗
=et(R;Z=2) ∼= Z=2[-], where |-|= 1, pairing with
the permanent cycle v41 allows us to replicate the =etale d3-diUerentials from the stable
area to the unstable area. By [30] the d3-diUerentials follow the (8; 4)-periodic pattern
given in the table below; here the entry in the (p; q)-spot corresponds to the diUerential
originating from this bidegree:
q mod 8 0 1 2 3 pmod 4
0 0 ∼= ∼= 0
6 0 0 ∼= ∼=
4 ∼= 0 0 ∼=
2 ∼= ∼= 0 0
The claim follows by inspection of the groups on the E4-pages of (4) and (5).
3.2. +Etale Descent for real curves
Let X be a real curve, i.e. a curve over R which is not de'ned over C. Each
component of the real locus X (R) in the Euclidean topology is homeomorphic to
either an open line or a circle. De'ne
"(X ) := dimH 0(X (R);Z=2);
.(X ) := dimH 1(X (R);Z=2):
If the curve X has no real points, =etale descent is trivial:
3.4. Lemma. Let X be a smooth real curve with X (R) = ∅. Let ‘ = 2. Then all
diAerentials in the +etale spectral sequence (5) are trivial.
Proof. We have, for example by Cox’ Theorem [8], cd =et2 (X )6 2 and the claim is
obvious.
If X is any smooth real curve, we have the following result of Pedrini–Weibel:
3.5. Proposition. If X is a smooth real curve, Ep;q4 (X;Z=2)M = 0 for p¿ 4.
Proof. If  = 0, cf. [26, Theorem 6.4]. If ¿ 0, and . = 0, this follows from [26,
(6.7)]; for .¿ 0, see [26, (7.5)].
3.6. Proposition. If X is a smooth real curve, Ep;q4 (X;Z=2) =et = 0 for p¿ 4. The map
K=2(X )→ K =et=2(X ) is a weak equivalence on (−1)-connected covers.
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Proof. To prove the 'rst claim, consider the commutative diagram
Hp−3M (X;Z=2(q− 1)) d3−−−−−→ HpM(X;Z=2(q)) d3−−−−−→ Hp+3M (X;Z=2(q+ 1))


Hp−3=et (X;Z=2(q− 1))
d3−−−−−→ Hp=et (X;Z=2(q))
d3−−−−−→ Hp+3=et (X;Z=2(q+ 1)):
By pairing with v41 we may assume that p + 36 q + 1. Then all diUerentials in the
above diagram are inside the stable area where we may identify =etale cohomology with
motivic cohomology. Thus Ep;q4 (X;Z=2) =et = 0 for p¿ 4 by Proposition 3.5.
To prove the second claim, we only need to consider the total degrees 0 and 1.
Since X is a curve, it follows from Lemma 2.4 that the only contributing bidegrees in
the unstable area are (2;−2) in total degree 0, and (3;−4) in total degree 1.
Bidegree (2;−2): The map E2;−24 (X;Z=2)M → ker d2;−23 (X;Z=2) =et is injective by
Lemma 2.4. We show this map is an isomorphism by computing both groups. By
Lemma 2.4 H 5M(X;Z=2(2)) = 0. Hence we have
E2;−24 (X;Z=2)M = H
2
M(X;Z=2(1)) = (Z=2).+E;
where E denotes the number of irreducible algebraic components Xi of X with Xi(R)=
∅, see [26, Lemma 5.6]. On the other hand, by 'rst pairing with v41 and then identifying
motivic and =etale cohomology, we obtain the isomorphisms
ker d2;−23 (X;Z=2) =et ∼= ker d2;−103 (X;Z=2) =et ∼= ker d2;−103 (X;Z=2)M:
By [26, (6.7) and (7.5)] and Lemma 3.4 the last group ker d2;−103 (X;Z=2)M is isomor-
phic to (Z=2).+E .
Bidegree (3;−4): The proof is similar to the previous one: E3;−44 (X;Z=2)M = (Z=2).
[26, Lemma 5.6] and ker d3;−123 (X;Z=2)M = (Z=2). [26, (6.7) and (7.5)].
3.7.  Etale Descent for curves over real number %elds. Let X be a smooth curve over a
real number 'eld k and let ‘ = 2. If  : k → R is a real embedding, denote by X
the corresponding real curve. Let KX (resp. KX ) denote X ×k Kk (resp. X ×R KR) for
compatible separable closures of k (resp. R).
We show the =etale spectral sequence (5) of X collapses by comparing it with the
direct sum of the =etale spectral sequences of the real curves X using the map l
p
X of
(3). Both source and target of (3) are computed by the spectral sequences:
Ep;q2 (k) = H
p
=et (k; H
q
=et( KX ;Z=2))⇒ Hp+q=et (X;Z=2); (12)
Ep;q2 (R) = H
p
=et (R; H
q
=et( KX;Z=2))⇒ Hp+q=et (X;Z=2): (13)
Let F be any number 'eld, and let GF denote the absolute Galois group of F . If
M is any topological GF -module, let H
p
+(F;M) denote the positive =etale cohomology
groups of [18, p. 76]. If F = k, Mq =Hq=et( KX ;Z=2), and M
q
 =H
q
=et( KX;Z=2), the positive
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=etale cohomology groups 't into the exact sequence
· · · → Hp+(k;Mq)→ Hp=et (k;Mq)
lpk→
⊕

Hp=et (R; M
q
 )→ Hp+1+ (k;Mq)→ · · · ; (14)
where lpk is the localization map. For any F and GF -module M , H
p
+(F;M) = 0 for
p = 1; 2 [18, Proposition 5.2]. As a special case, if F=k and Mq=Z=2, this vanishing
combined with the above exact sequence implies the Tate isomorphism
Hp=et (k;Z=2)
∼=→
⊕
Hp=et (R;Z=2); p¿ 3: (15)
Note that the map ‘k in (14) induces a map between (12) and the direct sum over
all  of (13) which is compatible with the map (3).
3.8. Lemma. Let X be a smooth curve over a real number 9eld k. Then
(i) If X is a>ne, lpX is surjective if p¿ 3, and an isomorphism if p¿ 4.
(ii) The map lpX is surjective if p¿ 3, and an isomorphism if p¿ 5.
(iii) The map l4X 9ts into the following exact sequence:
0→ H 2+(k;Z=2)→ H 4=et(X;Z=2)→
⊕

H 4=et(X;Z=2)→ 0:
3.9. Remark. If X is a smooth geometrically connected variety over a global 'eld of
dimension d, lpX is an isomorphism for p¿ 2d+ 3 [31, Theorem 0.6].
Proof. To compute the image of lpX we use the map between (12) and the direct sum
over all  of (13) induced by lpk . If X is a0ne, E
p;q
2 = 0 for q = 0; 1 in both spectral
sequences (12) and (13) by cohomological dimension [34, Exp. XIV, 3.2]. Hence, we
have the following commutative diagram with exact rows:
Ep−2;12 (k) −→ Ep;02 (k) −→ Hp=et (X;Z=2) −→ Ep−1;12 (k) −→ Ep+1;02 (k)
 lpX



⊕

Ep−2;12 (R) −→ ⊕ E
p;0
2 (R) −→ ⊕ H
p
=et (X;Z=2) −→ ⊕ E
p−1;1
2 (R) −→ ⊕ E
p+1;0
2 (R):
The 'rst claim (i) follows from the above diagram and the 5-lemma. This uses the
vanishing of positive =etale cohomology for p = 1; 2, and the fact that the map
H 1=et(k;Z=2)→
⊕

H 1=et(R;Z=2) (16)
is surjective (e.g. [30, Lemma 6.8(b)]), i.e. H 2+(k;Z=2)→ H 2=et(k;Z=2) is injective.
The other claims (ii) and (iii) follow from a similar comparison of (12) and (13).
If X is not a0ne, we have in both spectral sequences Ep;q2 = 0 if q = 0; 1; 2. If
p¿ 3, then Ep;q2 (k) ∼=
⊕
Ep;q2 (R) for all q since H
p
+ = 0 for p = 1; 2. If p = 2,
then E2; q2 (k) →
⊕
E2; q2 (R) is still surjective for all q since H 3+ = 0. This su0ces to
conclude that Ep;q∞ (k) → ⊕ Ep;q∞ (R) is an isomorphism for p¿ 5, and is surjective
for p¿ 4. If p = 1, then E1; q2 (k) →
⊕
E1; q2 (R) is surjective for q = 0; 2 since the
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signature map (16) is surjective. In particular, E1;22 (k)→
⊕
E1;22 (R) is surjective, and
hence so is l3X . This 'nishes the proof of (ii). For the remaining claim (iii) note that
E2;22 (k)→
⊕
E2;22 (R) is surjective with kernel H 2+(k;Z=2).
3.10. Proposition. If X is a smooth curve over a real number 9eld k, then Ep;q4 (X;
Z=2) =et = 0 for p¿ 6, and Ep;q4 (X;Z=2) =et ∼= Ep;q∞ (X;Z=2) =et for all p; q.
Proof. The 'rst claim follows from comparing the diUerentials in the =etale spectral
sequence (5) of X with the corresponding diUerentials in the =etale spectral sequence
(5) of the real curves X. By naturality, there is a commutative diagram
Hp=et (X;Z=2)
dp;q3−−−−−→ Hp+3=et (X;Z=2)
lpX
 lp+3X

⊕

Hp=et (X;Z=2)
⊕dp;q3−−−−−→ ⊕

Hp+3=et (X;Z=2):
(17)
If p¿ 3, it follows from Lemma 3.8 that the left vertical map lpX is surjective and the
right vertical map lp+3X is an isomorphism. Therefore, we have for p¿ 6
Ep;q4 (X;Z=2) =et
∼=→
⊕

Ep;q4 (X;Z=2) =et ;
where Ep;q4 (X;Z=2) =et = 0 by Proposition 3.6.
For the second claim we need to show the diUerentials d0; q5 (X ) vanish for all q. Let
X(R) = ∅. Then E5; q2 (X;Z=2) =et = 0 since l5X is an isomorphism by Lemma 3.8, and
H 5=et(X;Z=2) = 0 by our hypothesis X(R) = ∅. Let X(R) = ∅.
Assume q ≡ 2; 4mod 8. We show E0; q4 (X;Z=2) =et =0. Since the left vertical map l0X in
(17) is injective, our claim will follow from showing the lower horizontal diUerential⊕
d0; q3 in (17) is injective. Fix a curve X and choose  points of X, one in each
component of X(R). The inclusions of these points induces the commutative diagram
H 0=et(X;Z=2)
d0;q3 (X)−−−−−→ H 3=et(X;Z=2)
∼=


⊕i=1 H 0=et(R;Z=2)
⊕d0;q3 (R)−−−−−→ ⊕i=1 H 3=et(R;Z=2):
where d0; q3 (R) is an isomorphism if q ≡ 2; 4mod 8 by Proposition 3.2.
Assume q ≡ 0; 6mod 8. Then d0; qr (R) = 0 for all r¿ 2, see Proposition 3.2. Be-
cause the localization map (14) is injective on H 0(k;Z=2), and because of the Tate
isomorphism (15), this implies d0; qr (k) = 0 for r¿ 2. The Leray spectral sequence of
X → Spec(k) gives the same vanishing for the diUerentials on X .
To 'nish the proof of Theorem 1.1 we need to consider the terms in bidegrees (p; q)
which contribute to total degrees ¿ 2, are outside the stable area p6− q=2, and have
p¡ 6, i.e. the bidegrees (5;−8) and (4;−6).
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3.11. Lemma. Let X be a smooth curve over a real number 9eld k. Then
(i) E4;−64 (X;Z=2)M
∼=→E4;−64 (X;Z=2) =et.
(ii) E5;−84 (X;Z=2)M
∼=→E5;−84 (X;Z=2) =et.
Proof. By Lemma 2.4 the map H 4M(X;Z=2(3)) → H 4=et(X;Z=2(3)) is injective. Since
H 7M(X;Z=2(4)) = 0 by Lemma 2.4, it follows that there is an injective map
H 4M(X;Z=2(3))→ ker d4;−63 (X;Z=2) =et : (18)
To prove (i) we show map (18) is an isomorphism by computing both groups.
Consider the commutative diagram with exact rows
0 −→ H 4M(X;Z=2(3)) −→ H 4=et(X;Z=2(3)) −→ H 0(X;H4=et(Z=2(3))) −→ 0
 l4X

0 −→ ⊕

H 4M(X;Z=2(3)) −→ ⊕

H 4=et(X;Z=2(3)) −→ ⊕

H 0(X;H4=et(Z=2(3))) −→ 0:
(19)
By Lemma 3.8 l4X is surjective with kernel H
2
+(k;Z=2(3)). We claim the right vertical
map in the above diagram is injective. In the commutative diagram
H 0(X;H4=et(Z=2(3))) −−−−−→H 4=et(k(X );Z=2(3)) = lim→
U⊂X open
H 4=et(U;Z=2(3))



⊕

H 0(X;H4=et(Z=2(3))) → ⊕

H 4=et(R(X);Z=2(3)) =⊕ lim→
U⊂X open
H 4=et(U;Z=2(3))
both of the horizontal maps are injective by Bloch–Ogus theory, and the right vertical
map is injective by Lemma 3.8. By [26, Lemma 5.6]
H 4M(X;Z=2(3)) = (Z=2).(X):
The snake lemma applied to the 'rst diagram implies the exact sequence
0→ H 2+(k;Z=2(3))→ H 4M(X;Z=2(3))→
⊕

(Z=2).(X) → 0: (20)
On the other hand, by Lemma 3.8 we have the following exact sequence:
0→ H 2+(k;Z=2(3))→ ker d4;−63 (X;Z=2) =et →
⊕

ker d4;−63 (X;Z=2) =et → 0: (21)
Comparing (20) and (21) shows that (18) is an isomorphism if for each X
ker d4;−63 (X) =et ∼= (Z=2).(X): (22)
Fix a real curve X. If X(R)=∅, then (22) is trivial. Assume X(R) = ∅. After pairing
with v41 we can compute in the motivic spectral sequence, i.e. we have
ker d4;−63 (X;Z=2) =et ∼= ker d4;−143 (X;Z=2) =et ∼= ker d4;−143 (X;Z=2)M:
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Assume .(X)=0. In this case the choice of  points of X, one in each component
of X (R), induces an isomorphism HpM(X;Z=2(q))=
⊕
i=1 H
p(R;Z=2(q)) for all p¿ 2.
Thus we can compare with the diUerential for R. Since d4;−143 is an isomorphism on
R by Proposition 3.2 we have (22) in this case.
Assume .(X)¿ 0: Let U be obtained by removing .(X) points from X, one in
each loop. By the localization sequence
d4;−143 (X;Z=2) =et =
.(X)⊕
i=1
d4;−143 (R;Z=2) =et ⊕ d4;−143 (U;Z=2) =et :
In this decomposition the real diUerentials are isomorphisms by Proposition 3.2, and
the diUerentials d4;−143 (U;Z=2) are trivial by [26, (6.7)]. Therefore,
ker d4;−143 (X;Z=2) =et = H
4
=et(U;Z=2(7)) = (Z=2).(X);
where the last equality results from [26, Corollaries 1.4 and 2.4]. This proves (22) and
'nishes the proof of (i).
By Lemma 2.4 and the vanishing of H 8M(X;Z=2(5)), (ii) follows if the map
H 5M(X;Z=2(4))→ ker d5;−83 (X;Z=2) =et (23)
is an isomorphism. We use a diUerent approach reducing this to bidegree (6;−10). Let
- be a generator of the 'rst stable stem ,1(S0). By the mod 4 version of [30, Theorem
7.4] and =etale descent for real number 'elds [25], - de'nes the class
[− 1]∈K =et1 (Q;Z=4) ∼= H 1=et(Q;Z=4(1)):
Via the embedding  we have further a class [−1] ∈H 1=et(R;Z=4(1)) whose mod 2 re-
duction is a generator of H 1=et(R;Z=2(1)). The Leray spectral sequence of X → Spec(Q)
shows that [− 1] has a nontrivial image in H 1=et(X;Z=2(1)). By [26, Lemma 1.5]
∪[− 1] :Hp=et (X;Z=2(−q=2))→ Hp+1=et (X;Z=2(−q=2 + 1))
is an isomorphism for p¿ 2. Hence it follows from Lemma 3.8 that for p¿ 5
∪[− 1] :Hp=et (X;Z=2(−q=2))
∼=→Hp+1=et (X;Z=2(−q=2 + 1)):
The Leibniz rule for the pairing ? allows us to identify for p¿ 5
ker dp;q3 (X;Z=2) =et
∼=→ ker dp+1; q−23 (X;Z=2) =et :
By a diagram analogous to (19) we have therefore
[− 1] :H 5M(X;Z=2(4))
∼=→H 6M(X;Z=2(5)):
This reduces to the case of bidegree (6;−10). There is a commutative diagram
H 5M(X;Z=2(4)) −−−−−→ ker d5;−83 (X;Z=2) =et
[−1]
 ∼= ∼=
 [−1]
H 6M(X;Z=2(5))
∼=−−−−−→ ker d6;−103 (X;Z=2) =et
whose lower horizontal map is an isomorphism by Proposition 3.10, i.e. (23) is an
isomorphism.
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Let X be as in Proposition 3.10. Let S denote a 'nite set of places containing all
the places above 2, all in'nite places and all places where X has bad reduction. Let
XS be a smooth proper model of X over Spec(OS) where OS is the ring of S-integers
in k. For s ∈ S, let Xs = XS ×OS 2s, where 2s is the residue 'eld of s; in particular
the 'bers Xs are smooth.
As an immediate consequence of Theorem 1.1 we have:
3.12. Proposition. K=2(XS) → K =et=2(XS) is a weak equivalence on (1)-connected
covers.
Proof. There is a 'ber sequence of spectra
∨
s ∈S K=2(Xs) → K=2(XS) → K=2(X ),
where K=2(Xs) → K =et=2(Xs) is a weak equivalence on (0)-connected covers [22,
Corollary 13.3], and K=2(X ) → K =et=2(X ) is a weak equivalence on (1)-connected
covers by Theorem 1.1. Hence the claim follows from the 5-lemma.
4.  Etale descent in degree 1
Let X be a smooth curve over a number 'eld k and let ‘ be any prime. We consider
=etale descent in degree 1, i.e. the terms of the =etale spectral sequence contributing to
total degree 1. These are located in bidegrees (p;−p− 1), where p is odd. Note that
only the 'rst of these bidegrees (1;−2) is in the stable area.
If ‘ is odd, or if ‘ = 2 and k is totally imaginary, Hp=et (X;Z=2) = 0 for p¿ 5 and
the only bidegree contributing to total degree 1 outside the stable area is (3;−4).
If ‘ = 2 and k is a real number 'eld, the terms corresponding to p¿ 7 are given
by Proposition 3.10. It remains to consider the bidegrees (3;−4) and (5;−6).
4.1. Lemma. Let X be a smooth curve over a real number 9eld. Then
E5;−64 (X;Z=2) =et = 0:
Proof. Consider the commutative diagram
H 2=et(X;Z=2) −−−−−−−−−→ ⊕

H 2=et(X;Z=2)
v41−−−−−−−−−→∼= ⊕ H
2
=et(X;Z=2)
d2;−43
 ⊕d2;−43
 ⊕d2;−123

ker d5;−63 (X;Z=2) =et −−−−−→ ⊕ ker d
5;−6
3 (X;Z=2) =et
v41−−−−−→∼= ⊕ ker d
5;−14
3 (X;Z=2) =et :
Here d2;−123 = 0 by [26, (7.5), (7.8.1)], if .(X)¿ 0. By Lemma 3.8 the lower left
horizontal map in the diagram is an isomorphism. Therefore,
ker d5;−63 (X;Z=2) =et ∼=
⊕

ker d5;−63 (X;Z=2) =et ∼=
⊕

E5;−144 (X;Z=2) =et ;
where the last group is zero by Proposition 3.6.
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We consider the map X;1 with divisible coe0cients. In general this map is not an
isomorphism. This will follow from Theorem 1.2 which we will prove now:
Recall that the map X;1 :K1(X;Q‘=Z‘) → K =et1 (X;Q‘=Z‘) is induced from a map
between the E2-terms of the spectral sequences (4) and (5), see Section 2.2. We
denote this map between motivic and =etale cohomology in bidegree (p; q) by p;qX;1 .
For example, 3;−4X;1 :H
3
M(X;Q‘=Z‘(2))→ H 3=et(X;Q‘=Z‘(2)).
4.2. Lemma. Let X be a smooth curve over a number 9eld, and let ‘ be a prime.
With divisible coe>cients:
dim coker X;1 = dim coker 
3;−4
X;1 :
Proof. Assume 'rst X has 'nite cohomological dimension. Then the motivic and =etale
spectral sequences with divisible coe0cients induce a commutative diagram with exact
rows
0 −→ H 3M(X;Q‘=Z‘(2)) −→ K1(X;Q‘=Z‘) −→ H 1M(X;Q‘=Z‘(1)) −→ 0
3;−4X; 1
 X; 1
 1;−2X; 1

0 −→ H 3=et(X;Q‘=Z‘(2)) −→ K =et1 (X;Q‘=Z‘) −→ H 1=et(X;Q‘=Z‘(1)) −→ 0:
(24)
To see this for motivic cohomology, note (3;−4) and (1;−2) are the only bidegrees
contributing to K1, and there are no nontrivial diUerentials leaving from these bidegrees,
cf. [26, Lemma 5.4]. The only incoming diUerentials is d0;−23 and it follows easily by
comparing with k, using cd =et‘ (k)6 2, that this map is trivial. By Hilbert’s 90 (cp. (9)),
the map 1;−2X;1 is an isomorphism. Therefore, we have
coker X;1 = coker 
3;−4
X;1 : (25)
Note that in this case X;1 is injective since 
3;−4
X;1 is injective by Lemma 2.4(ii).
If X has in'nite cohomological dimension, then ‘ = 2 and it follows from Lemma
A.2(iii) that (25) holds up to 'nite groups. Since we only count dimensions, this
su0ces to conclude.
Let X be a smooth, projective, geometrically connected curve over a number 'eld
k. Denote by , :X → k the structure map. There is an induced map
,∗ :H 3M(X;Z(2))→ H 1M(k;Z(1)) = k∗; (26)
which is surjective if X (k) = ∅ [7, p. 194]. Let V (X ) be the kernel of (26) (cf. [29]).
Consider the cup product in integral motivic cohomology
∪ :H 2M(X;Z(1))⊗ k∗ → H 3M(X;Z(2)): (27)
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Let Pic(X )=H 2M(X;Z(1)) be the Picard group of X , and denote by Pic
0(X ) the Picard
variety. The restriction of (27) to Pic0(X )⊗k∗ has image in V (X ) [29, p. 182]. Raskind
has shown V (X ) ⊗Q‘=Z‘ = 0 for all ‘ [29, Corollary 0.3], even if X does not have
a k-point.
Proof of Theorem 1.2. By the proof of Lemma 4.2 it su0ces to consider 3;−4X;1 . By
Section 2.2 the map 3;−4X;1 is induced by a map between the Bloch–Ogus spectral
sequences (7) and (8). Comparing these, we get a commutative diagram with exact
rows
0 −→ H 1(X;H2M(Q‘=Z‘(2))) −→ H 3M(X;Q‘=Z‘(2)) −→ H 0(X;H3M(Q‘=Z‘(2))) −→ 0 3;−4X; 1


0 −→ H 1(X;H2=et(Q‘=Z‘(2))) −→ H 3M(X;Q‘=Z‘(2)) −→ H 0(X;H3=et(Q‘=Z‘(2))) −→ 0:
Note that the left vertical map is an isomorphism by the Merkurjev–Suslin Theorem.
Then H3M(Q‘=Z‘(2)) = 0 since the complex Z(n) ⊗ Q‘=Z‘ which de'nes motivic
cohomology is acyclic in degrees ¿n [38, Lemma 3.2]. Hence 3;−4X;1 is injective and
coker 3;−4X;1 = H
0(X;H3=et(Q‘=Z‘(2))): (28)
Note H 4M(X;Z(2))=0 because this group is isomorphic to the Chow group of algebraic
cycles of codimension 2 modulo rational equivalence which is trivial for a curve.
Therefore, it follows from the universal coe0cient theorem that
H 3M(X;Z(2))⊗Q‘=Z‘ ∼= H 3M(X;Q‘=Z‘(2)):
This isomorphism, the injectivity of 3;−4X;1 and (28) imply the exact sequence
0→ H 3M(X;Z(2))⊗Q‘=Z‘
3;−4X;1→ H 3=et(X;Q‘=Z‘(2))→ H 0(X;H3=et(Q‘=Z‘(2)))→ 0:
The existence of a k-point implies the exact sequence Pic0(X )→ Pic(X )→ Z→ 0.
After tensoring this sequence with k∗ ⊗ Q‘=Z‘, the integral cup product induces the
commutative diagram with exact rows
Pic0(X )⊗ k∗ ⊗Q‘=Z‘ −→ Pic(X )⊗ k∗ ⊗Q‘=Z‘ −→ Z⊗ k∗ ⊗Q‘=Z‘ −→ 0
∪⊗1
 ∪⊗1
 =

V (X )⊗Q‘=Z‘ −→ H 3M(X;Z(2))⊗Q‘=Z‘ −→ k∗ ⊗Q‘=Z‘ −→ 0:
(29)
Since V (X )⊗Q‘=Z‘=0, this implies that the middle vertical map in the above diagram
is surjective. In particular, if ! denotes the composition of maps
Pic(X )⊗ k∗ ⊗Q‘=Z‘ ∪⊗1→ H 3M(X;Z(2))⊗Q‘=Z‘
∼=→ H 3M(X;Q‘=Z‘(2))
X;1→ H 3=et(X;Q‘=Z‘(2))
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the image of ! coincides with the image of 3;−4X;1 . Denote by K! the composition
Z⊗ k∗ ⊗Q‘=Z‘ ∪⊗1→ H 1M(k;Z(1))⊗Q‘=Z‘
∼=→ H 1M(k;Q‘=Z‘(1))
1;−2X;1→ H 1=et(k;Q‘=Z‘(1)):
The map K! is an isomorphism; this is clear for the 'rst map in the composition, for the
second map it follows from the universal coe0cient theorem, and for the third from
the classical Hilbert’s 90th Theorem. Let KX := X ×k Kk, where Kk denotes an algebraic
closure of k. Since Q‘=Z‘(1) = H 2( KX ;Q‘=Z‘(2)) we may identify the last group in
the above composition de'ning K! with H 1(k; H 2( KX ;Q‘=Z‘(2))).
Assume ‘ is odd, or ‘ = 2 and k is totally imaginary. Then the maps ! and K! 't
into the following commutative diagram with exact rows:
Pic0(X )⊗ k∗ ⊗Q‘=Z‘ −→ Pic(X )⊗ k∗ ⊗Q‘=Z‘ −→ Z⊗ k∗ ⊗Q‘=Z‘ −→ 0
!′
 !
 K!
 =
0 −→ H 2(k; H 1( KX ;Q‘=Z‘(2))) −→ H 3=et(X;Q‘=Z‘(2)) −→ k∗ ⊗Q‘=Z‘ −→ 0
(30)
whose bottom row is induced by the Hochschild–Serre spectral sequence. Here the
left map in the bottom row is injective since X (k) = ∅ implies that the edge map
H 2=et(X;Q‘=Z‘(2))→ H 0=et(k;Q‘=Z‘(1)) is split surjective. It is known that the right hand
square in (30) commutes, see e.g. [32, Lemma 3.6]. The induced map !′ is the zero
map, see (29). Thus we have an isomorphism
coker 3;−4X;1 ∼= H 2(k; H 1( KX ;Q‘=Z‘(2))): (31)
To 'nish the proof, consider the localization map
H 2(k; H 1( KX ;Q‘=Z‘(2)))→
⊕
all s
H 2(Gs; H 1( KX ;Q‘=Z‘(2))):
By [15, Theorem 3] the above map is an isomorphism. If X has potentially good
reduction at the place s, it follows from [3, Proposition 2.4] and a norm argument that
the corresponding local Galois cohomology group is zero.
Assume ‘ = 2 and k is a real number 'eld. Then the bottom row in (30) is only
exact up to 'nite groups. However, if we only count dimensions, then
dim coker X;1 = dim coker 
3;−4
X;1 =
⊕
s∈S0
dimH 2(Gs; H 1( KX ;Q‘=Z‘(2))) (32)
still holds true.
4.3. Remark. The last Proposition implies that coker X;1 is in'nite as soon as for a
place s where X does not have potentially good reduction, we have
dimH 2(Gs; H 1( KX ;Q‘=Z‘(2)))¿ 0:
Since H 1( KX ;Z=‘(2)) = Pic( KX )[‘]⊗ Z=‘(1), there is an isomorphism
H 2(Gs; H 1( KX ;Q‘=Z‘(2))) ∼= H 2(Gs; A( Kk)[‘∞](1));
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where A( Kk) denotes the Picard variety of KX . By [15, Corollary 7(b)] we have
H 2(Gs; A( Kk)[‘∞](1)) = Homks(Gm; T
′
s )
#;
where B# denotes the Pontryagin dual Hom(B;Q=Z) of an abelian group B, and T ′s
is the maximal torus of the Raynaud group scheme of the dual abelian variety A′. In
particular, if A′ has semi-stable reduction at the place s, then
rank Homks(Gm; T
′
s ) = dim (T
′
s )
0;
where T ′s is the maximal torus of the connected component (A
′
s)
0 of the special 'ber
A′s of the N=eron model A
′ of A′ and (T ′s )
0 ⊂ T ′s is the maximal split torus.
Hence coker X;1 is in'nite if (T ′s )
0 is nontrivial, for example, if X is an elliptic
curve over k which has split-multiplicative reduction at s.
5. Applications of  etale descent
5.1. Notations. Throughout this section X is a smooth projective curve over a number
'eld k of genus g. Let ‘ be a prime. We denote by S a 'nite set of primes containing
all primes above ‘, all in'nite primes and all primes where X does not have good
reduction. Let XS be a smooth proper model of X over Spec(OS), where OS is the
ring of S-integers in k. For s ∈ S, let Xs be a 'ber.
We will only consider divisible coe0cients which we omit from the notation, i.e. for
Y=X; XS or Xs, we write H
p
M(Y; n)=H
p
M(Y;Q‘=Z‘(n)); likewise for =etale cohomology.
For Y as above, de'ne
hp=et(Y; n) := dimH
p
=et (Y; n) = dimH
p
=et (Y;Q‘=Z‘(n)):
Let KX = X ×k Kk, where Kk is an algebraic closure of k. Let Gk = Gal( Kk=k), and let
GS be the Galois group of the maximal S-rami'ed extension of k. De'ne
hi;p(k; n) := dimHi(Gk; Hp( KX ; n));
hi;p(S; n) := dimHi(GS; Hp( KX ; n)):
5.1. K-groups of a curve
By taking the direct limit over all  in the spectral sequences (4) and (5), we obtain
the analogous spectral sequences with divisible coe0cients. If ‘=2 and k is a number
'eld, Theorem 1.1 implies that
Kn(X;Q2=Z2)
∼=→K =etn (X;Q2=Z2) for n¿ 2: (33)
For the proof of Theorem 1.3 we need the following lemma:
5.3. Lemma. Let X be as above. If ‘ = 2 assume k is totally imaginary; if ‘ is
odd assume the Bloch–Kato conjecture. Then the motivic 9ltration induces exact
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sequences
(i) 0→ H 2M(X; n+ 1)→ K2n(X;Q‘=Z‘)→ H 0M(X; n)→ 0, n¿ 0,
(ii) 0→ H 3M(X; n+ 1)→ K2n−1(X;Q‘=Z‘)→ H 1M(X; n)→ 0, n¿ 1.
Proof. By our assumptions, Hp=et (X; n) = 0 for p¿ 5, and for p = 4 and n¿ 3 using
the Leray spectral sequence for X → Spec(k). This uses the isomorphism H 4=et(X; n) =
H 2=et(k; n−1) and [30, Theorem 4.5(a)]. By Lemma 2.4, the map HpM(X; n)→ Hp=et (X; n) is
an injection for all p and n, thus HpM(X; n)=0 for p¿ 4 since X is a curve. Therefore
the only possible nonzero diUerentials in the motivic spectral sequence originate from
the column p= 0.
The isomorphism H 0M(X; n) ∼= H 0=et(X; n), combined with the injective map H 3M(X; n+
1) → H 3=et(X; n + 1), reduce to showing that the =etale diUerentials d3(X ) =et starting
from the column p= 0 are zero. This follows from comparing with the 'eld k, since
H 0=et(k; n) ∼= H 0=et(X; n) and by our assumptions cd =et‘ (k) = 2. Hence we have the exact
sequence (i), and (ii) follows immediately.
5.4. Remark. We have for the low degree K-groups:
If n=0, k0(X )=dimK0(X;Q‘=Z‘)¡∞ by the Mordell–Weil Theorem. On the other
hand, dimK =et0 (X;Q‘=Z‘) =∞ since it contains H 2=et(X; 1).
If n = 1, k1(X ) = dimK1(X;Q‘=Z‘) = dimK =et1 (X;Q‘=Z‘) =∞ since by the Leray
spectral sequence for X → Spec(k) there is an injection k∗ ⊗Q‘=Z‘ → H 1M(X; 1).
We are ready to prove Theorem 1.3:
Proof of Theorem 1.3. Let ‘ be odd, or ‘ = 2 and k totally imaginary. For the given
values of n we can identify the motivic cohomology groups in the exact sequences of
Lemma 5.3 with the corresponding =etale cohomology groups. Since h0=et(X; n) = 0 for
n¿ 1 by Lemma A.2
k2n(X ) = h2=et(X; n+ 1); (34)
k2n−1(X ) = h1=et(X; n) + h
3
=et(X; n+ 1): (35)
For the odd degree K-groups the formulas in Theorem 1.3 follow from the computations
in Lemma A.2. For the even degrees,
h2=et(X; n+ 1) = h
2
=et(XS ; n+ 1) = h
1;1(S; n+ 1)
by Lemmas A.2 and A.1. On the other hand, by [15, Proposition 19]
−g · [k : Q] =
2∑
i=1
(−1)ihi;1(S; n);
where h1;0(S; n) = 0 for n¿ 2, see Lemma A.2. From this it is easy to see that
h1;1(S; n+ 1) = g · [k : Q] + h2;1(S; n+ 1):
Let ‘ = 2 and k a real number 'eld. By isomorphism (33) we may consider the
=etale K-groups and the spectral sequence (5) to compute the dimensions. By Lemma
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A.2 (iii), the statements above hold up to 'nite groups. Hence formulas (34) and (35)
hold and we can count the dimensions as in the previous case.
5.5. Remark. The ‘extra’ term h2;1(S; n + 1) in the dimension formulas for the even
degree K-groups is the content of a conjecture of Jannsen. That is, for a smooth
projective variety X over a number 'eld, it is expected that h2;p(S; n)=0 for p+1¡n,
see [15, Conjecture 1, Lemma 1]. In particular, h2;1(S; n) = 0 for n¿ 3 for a curve.
This conjecture is known for some cases:
If X is an elliptic curve with complex multiplication by an imaginary quadratic
number 'eld. Then h2;1(S; n)=0 for in'nitely many n¿ 3 [27]. If for such a CM-curve
the prime is regular, h2;1(S; n) = 0 for all n¿ 3 [43].
If X is a modular elliptic curve, h2;1(S; n) = 0 for in'nitely many n [20].
In general it follows from results of Kato [21] that if X has a ‘nice’ Euler system,
then h2;1(S; n) = 0 for n¿ 3.
5.2. K-groups of a model
The arguments leading to the proof of the dimension formulas for the K-groups of
a curve X also apply to a model XS . In this section we need the Atiyah–Hirzebruch
spectral type spectral sequence in the generality of Levine’s construction.
5.7. Lemma. If ‘ = 2, assume k is totally imaginary; if ‘ is odd assume the Bloch–
Kato conjecture. Then HpM(XS ; n)→ Hp=et (XS ; n) is injective for all (p; n) = (4; 2). The
group HpM(XS ; n) is trivial for p¿ 5, and for p= 4 provided n = 2.
Proof. The localization sequences in motivic and =etale cohomology with divisible co-
e0cients induce the commutative diagram with exact rows:
· · −→⊕
s ∈S
Hp−2M (Xs; n− 1) −→HpM(XS ; n) −→HpM(X; n) −→⊕
s ∈S
Hp−1M (Xs; n− 1) −→ ··
Xs
 XS
 X
 Xs

·· −→ ⊕
s ∈S
Hp−2=et (Xs; n− 1) −→Hp=et (XS ; n) −→Hp=et (X; n) −→⊕
s ∈S
Hp−1=et (Xs; n− 1)−→ · · :
By Lemma 2.4 and the 5-lemma, XS is an isomorphism for p6 n and is an injection
for p=n+1. Since cd =et2 (OS)=2, we have cd
=et
2 (XS)=4 by the Leray spectral sequence
of XS → Spec(OS). In particular, HpM(XS ; n) = 0 for 56p6 n+ 1.
Suppose p=n+2. Then HpM(X; n)=0 since X is a curve by Lemma 2.4. From Lemma
A.4, Hp−2=et (Xs; n − 1) = 0 if p¿ 6, or p = 5 and n = 2. Note that H 5M(XS ; 2) is the
trivial group; this follows from the localization sequence and the vanishing of H 5M(X; 2)
and H 3M(Xs; 1) by Lemma 2.4. By injectivity of Xs we conclude that H
p
M(XS ; n) = 0
for p= n+ 2¿ 5.
It remains to consider p=4 and n¿ 3: By Lemma 2.4, H 2M(Xs; n−1)→ H 2=et(Xs; n−
1) is an isomorphism. Note that H 4=et(XS ; n)=H
2
=et(OS ; n−1)=0 by [30, Theorem 4.5(a)]
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and the Leray spectral sequence. Hence H 4M(XS ; n) injects into H
4
M(X; n), which is
trivial by the proof of Lemma 5.3.
5.8. Lemma. Let XS be a model of X . If ‘ = 2, assume k is totally imaginary; if ‘
is odd assume the Bloch–Kato conjecture. Then there are exact sequences
(i) 0→ H 2M(XS ; n+ 1)→ K2n(XS ;Q‘=Z‘)→ H 0M(XS ; n)→ 0, n¿ 1,
(ii) 0→ H 3M(XS ; n+ 1)→ K2n−1(XS ;Q‘=Z‘)→ H 1M(XS ; n)→ 0, n¿ 2.
Proof. The proof is similar to the proof of Lemma 5.3 using the previous Lemma,
and Lemma A.3.
De'ne kn(XS) = dimKn(XS ;Q‘=Z‘).
5.9. Propostion. Let XS be a model of X . Then
(i) k2n−1(XS) =
{
2r1 + 2r2 + h1;2(S; n+ 1) if n¿ 3 is odd;
2r2 + h1;2(S; n+ 1) if n¿ 2 is even;
(ii) k2n(XS) = g · [k : Q] + h2;1(S; n+ 1) if n¿ 1:
Proof. This follows as in the curve case using Lemma A.3. The diUerences in the
formulas for X and XS arise from the fact that h2;1(k; n) = 0 for n¿ 3, whereas
h2;1(S; n) = 0 for n¿ 3 only conjecturally.
5.3. Localization sequence
Consider the localization sequence:
· · · →
⊕
s ∈S
Kn(Xs;Q‘=Z‘)→ Kn(XS ;Q‘=Z‘)→ Kn(X;Q‘=Z‘)→
→
⊕
s ∈S
Kn−1(Xs;Q‘=Z‘)→ · · · :
5.11. Proposition. If ‘ is odd, assume the Bloch–Kato conjecture.
(i) K2n(XS ;Q‘=Z‘) → K2n(X;Q‘=Z‘) is injective for n¿ 1 if ‘ is odd, or if ‘ = 2
and k is totally imaginary. If ‘ = 2 and k is real, this map has 9nite kernel.
(ii) K2n−1(XS ;Q‘=Z‘)→ K2n−1(X;Q‘=Z‘) has 9nite kernel if and only if h2;1(S; n)=0
for n¿ 3, i.e. if and only if Jannsen’s conjecture holds.
Proof. Assume for ‘ = 2 the 'eld k is totally imaginary. Then we can identify the
motivic cohomology groups in the extensions of Lemmas 5.3 and 5.8 with the corre-
sponding =etale cohomology groups. Consider the maps
Hp(S; Hq( KX ; n))→ Hp(k; Hq( KX ; n)) (36)
induced by the Leray spectral sequence of k → Spec(OS). Maps (36) are injective
for p6 1. They induce maps between the E2-terms of the Leray spectral sequences
computing the =etale cohomology groups of XS and the E2-terms of the Hochschild–
Serre spectral sequence computing the =etale cohomology of X . The induced map on
328 A. Rosenschon, P.A. .stv/r / Journal of Pure and Applied Algebra 178 (2003) 307–333
=etale cohomology is compatible with the localization sequence in K-theory via the
exact sequences of Lemmas 5.3 and 5.8.
To prove (i) it su0ces to show that the following maps are injective
H 2=et(XS ; n+ 1)→ H 2=et(X; n+ 1); (37)
H 0=et(XS ; n)→ H 0=et(X; n): (38)
For (37) this follows since the kernel of this map injects into the kernel of the map
(36) for (p; q) = (1; 1), thus it is zero. For (38) the injectivity is clear.
For (ii) we need to consider the maps
H 3=et(XS ; n+ 1)→ H 3=et(X; n+ 1); (39)
H 1=et(XS ; n)→ H 1=et(X; n): (40)
Since (40) in injective, the kernel of the map in (ii) is determined by the kernel of
(39). We have the following commutative diagram (where s := n+ 1):
H 0(S; s− 1) −→ H 2(S; H 1( KX ; s)) −→ H 3=et(XS ; s) −→ H 1(S; s− 1) −→ 0



H 0(k; s− 1) −→ H 2(k; H 1( KX ; s)) −→ H 3=et(X; s) −→ H 1(k; s− 1) −→ 0:
Here the right vertical map is injective and the left vertical map is an isomorphism. By
[15, Corollary 7.7], H 2(k; H 1( KX ; s))=0 since s¿ 2. Hence up to the image of the 'nite
group coming from H 0(S; s), the kernel of the map in (ii) is given by H 2(S; H 1( KX ; s)).
If ‘ = 2 and k is a real number 'eld, the descent Theorem 1.1 allows us to work
with =etale K-groups with 2-divisible coe0cients. We leave it to the reader to verify
that both (i) and (ii) hold up to a 'nite group.
5.4. Regulator map
Let X be as in 5.1. We consider the regulator map
rp+1; n‘ :H
p+1
M (X;Z(n))⊗Q‘ → H 1(k; Hp( KX ;Q‘(n))); p = 2n (41)
de'ned by Jannsen in [14–16]. It is expected that rp+1; n‘ is an isomorphism for p +
1¡n, see [15, Conjecture 2]. As pointed out by Jannsen [15, p. 328], one can use
=etale descent to motivate the conjectural properties of this map: for an abelian group
A, denote by T‘A the Tate module. Then r
p+1; n
‘ is surjective for 2n − p¿ 1 + s
provided (i) the map X;m :Km(X;Z=‘) → K =etm (X;Z=‘) is surjective for m¿ s, and
(ii) T‘K2n−p−2(X ) = 0.
5.13. Propostion. Let X be a smooth projective curve over a number 9eld k. Let ‘
be a prime. If ‘ is odd, assume the Bloch–Kato conjecture.
(i) If T‘K2n−p−2(X ) = 0, then r
p+1; n
‘ is surjective for 2n− p¿ 2.
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(ii) If T‘K2n−p−2(X ) = 0 and H
p+1
M (X;Z(n)) is a 9nitely generated abelian group,
then rp+1; n‘ is an isomorphism for 2n− p¿ 2.
Proof. For (i) combine Jannsen’s result [15, p. 328] with =etale descent, i.e. [22, Corol-
lary 13.3] for the case of 'nite cohomological dimension, and Theorem 1.1 otherwise.
For (ii) we compute the dimension of both source and target of the regulator map
(41). If Hp+1M (X;Z(n)) is a 'nitely generated abelian group, then
dimQ‘ H
p+1
M (X;Z(n))⊗Q‘ = dimHp+1M (X;Z(n))⊗Q‘=Z‘: (42)
It follows from T‘K2n−p−2(X ) = 0 that H
p+2
M (X;Z(n)) contains no ‘-divisible torsion
subgroup. By the universal coe0cient theorem, we have therefore,
dimHp+1M (X;Z(n))⊗Q‘=Z‘ = dimHp+1M (X;Q‘=Z‘(n)): (43)
Assume p+1¿n. Then 2(p+1)−2n¿ 0 which implies Hp+1M (X;Z(n))=0, see [22,
Proposition 11.4]. If p+1¿n¿ 3, the target group of (41) vanishes and we have (ii)
trivially. If p+ 1¿n and n6 2, then 2p− n6 2. Hence we may assume p+ 16 n
and identify motivic and =etale cohomology to get
dimHp+1M (X;Q‘=Z‘(n)) = dimH
p+1
=et (X;Q‘=Z‘(n)): (44)
To 'nish the proof of (ii) note that the dimension of this group is given by
h1;p(k; n) = dimH 1(k; Hp( KX ;Q‘=Z‘(n)));
which coincides with the Q‘-dimension of the target group of (41). More precisely,
the computations in Appendix A show that
hp+1=et (X; n) = h
1;p(k; n) + h2;p−1(k; n);
where h2;p−1(k; n)=0. The last statement is trivial for p=0. If p=1, then 2n−1¿ 2
by hypothesis, i.e. n¿ 2 and the claim follows from Lemma A.1. If p=2, then n¿ 3,
and h2;1(k; n) = 0 by [15, Corollary 7].
5.14. Remark. We remark that it would follow from Bass’ conjecture that the abelian
groups Hp+1M (X;Z(n)) are 'nitely generated for 2n−p¿ 2. For a curve X over Q, let
XZ denote a Xat proper model of X over Z and de'ne
HpM(X=Z;Q(n)) := im{HpM(XZ;Q(n))→ HpM(X;Q(n))}:
By Bass’ conjecture, HpM(X=Z(Q(n)) is expected to be a 'nite-dimensional Q-vector
space. For the case of a curve it follows from [12, Corollary 4.1] that
HpM(X=Z;Q(n)) = H
p
M(X;Q(n)) (45)
unless n6p6 2n− 1 and n6 2. In particular, (45) holds for 2n− p¿ 2.
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Appendix A.
We compute the =etale cohomology groups relevant to our computations of the num-
bers kn. All of the following results are well known and we include them only for the
purpose of reference. We use the notations of 5.1.
If p = 2n− 2 the hi;p(S; n) are independent of the set S. By [15, Lemma 3.5],
h1;p(k; n) = h1;p(S; n); (A.1)
h2;p(k; n)6 h2;p(S; n): (A.2)
If p = 2n− 1; 2n and 2n+ 1, then by [15, Lemma 6]
hp=et(X; n) = h
1;p−1(k; n) + h2;p−2(k; n); (A.3)
hp=et(XS ; n) = h
1;p−1(S; n) + h2;p−2(S; n): (A.4)
A.1. Lemma. The following groups are 9nite.
(i) H 0(GS; n) for n¿ 1,
(ii) H 2(GS; n) for n¿ 2,
(iii) H 0(GS; Hp( KX ; n)) for p= 0 and n¿ 1, or for p= 2 and n¿ 2,
(iv) H 2(GS; Hp( KX ; n)) for p= 0 and n¿ 2, or for p= 2 and n¿ 3,
(v) Hi(GS; Hp( KX ; n)) for i¿ 3.
Likewise for GS replaced by Gk .
Proof. Here (i) and (v) are clear, and (ii) is [30, Theorem 4.5]. Then (i) and (ii)
imply (iii) and (iv) because for a curve H 2( KX ;Q‘=Z‘(n)) ∼= Q‘=Z‘(n − 1), and
H 0( KX ;Q‘=Z‘(n)) ∼= Q‘=Z‘(n): The analogous statements for k follow from the Leray
spectral sequence of Spec(k)→ Spec(OS), (A.1) and (A.2).
A.2. Lemma. For the +etale cohomology of X :
(i) h0=et(X; n) = 0 for n¿ 1,
(ii) h2=et(X; n) = h
1;1(k; n) for n¿ 2,
(iii) hp=et(X; n) = 0 for p¿ 4 and n¿ 3,
(iv) h1=et(X; n) =
{
r1 + r2 if n¿ 3 is odd;
r2 if n¿ 2 is even;
(v) h3=et(X; n) =
{
r1 + r2 if n¿ 4 is even;
r2 if n¿ 3 is odd:
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Proof. For (i) note that h0=et(X; n) = h
0; n(k; n), thus (i) follows from Lemma A.1(i).
For (ii), since n¿ 2, h2=et(X; n) = h
1;1(k; n) + h2;0(k; n) by (A.3), and h2;0(k; n) = 0
by Lemma A.1(ii). Similarly, we have (iii) from Lemma A.1(iii). For (iv) we have
h1=et(X; n)=h
1;0(k; n) by (A.3), this uses n¿ 2. The claim follows from the computation
of h1;0(k; n)=h1;0(S; n) in [30, Proposition 6.12]. The proof of (v) is similar, h3=et(X; n)=
h1;2(k; n) + h2;1(k; n), where h2;1(k; n) = 0 for n¿ 3 [15, Corollary 7], and h1;2(k; n) is
computed in [30, Proposition 6.12].
A.3. Lemma. For the +etale cohomology of XS :
(i) h0=et(XS ; n) = 0 for n¿ 1,
(ii) h2=et(XS ; n) = h
1;1(S; n) for n¿ 2,
(iii) hp=et(XS ; n) = 0 for p¿ 4 and n¿ 3,
(iv) h1=et(XS ; n) =
{
r1 + r2 if n¿ 3 is odd;
r2 if n¿ 2 is even;
(v) h3=et(XS ; n) =
{
h2;1(S; n) + r1 + r2 if n¿ 4 is even;
h2;1(S; n) + r2 if n¿ 3 is odd:
Proof. The proof is similar to the one of the previous Lemma. The diUerence in
the formulas arises from the fact that h2;1(k; n) = 0 for n¿ 3 but h2;1(S; n) = 0 only
conjecturally.
A.4. Lemma. For s ∈ S, let Xs denote a 9ber of XS . Then
(i) h0=et(Xs; n) = h
1
=et(Xs; n) = 0 if n¿ 1,
(ii) h2=et(Xs; n) = h
3
=et(Xs; n) = 0 if n¿ 2,
(iii) Hp=et (Xs; n) = 0 for p¿ 4.
Proof. This follows from a base change argument and the fact that the residue 'eld
has cohomological dimension 1. Note that H 3=et(Xs; n)=0 for n = 1, cf. [30, Proposition
1.10].
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